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True nature of potential energy of a hydrogen atom
Koshun Sutoa�

5-24, Oote-Town, Isesaki-City, 372-0048, Japan

�Received 15 August 2008; accepted 9 February 2009; published online 30 March 2009�

Abstract: In considering the potential energy of a hydrogen atom, we offered the hypothesis that
this physical quantity corresponds to the decrease in the electron’s rest mass energy. It is not
possible to establish the ground state energy of a hydrogen atom without quantum mechanics.
However, for the atom’s stability only, this can be explained even without using quantum
mechanics. Our discussion reveals that there exists an off-limit boundary rc within the electron
inside a hydrogen atom. © 2009 Physics Essays Publication. �DOI: 10.4006/1.3092779�

Résumé: A propos de l’énergie potentielle d’un atome d’hydrogène, nous proposons l’hypothèse
que cette quantité physique correspond à la diminution de l’énergie de masse des électrons. Il est
impossible de déterminer l’énergie d’état fondamental d’un atome d’hydrogène sans passer par la
mécanique quantique. Cependant, cette dernière n’est pas nécessaire pour expliquer uniquement la
stabilité de l’atome. Nos études ont révélé l’existence d’une frontière rc à ne pas franchir, pour
l’électron à l’intérieur d’un atome d’hydrogène.
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I. INTRODUCTION

According to the Rutherford atomic model, one or more
electrons orbit around the nucleus. If we assume that elec-
trons are moving in circles around the atomic nucleus, then
we know that an electron must emit electromagnetic waves
through that acceleration and will fall into the nucleus after a
period of about 10−10 s. Classical mechanics cannot currently
be used to explain the stability of an atom, and we consider
that this problem was solved for the first time by the appear-
ance of Bohr’s classical quantum theory.

By assuming quantum conditions, Bohr derived the orbit
radius of a hydrogen atom. He further explained that there is
a minimum value of the total energy of a hydrogen atom, and
that electron is not absorbed into the atomic nucleus.

In this paper, though, we consider the potential energy of
a hydrogen atom and attempt to explain the stability of a
hydrogen atom. However, “stability” in this paper is used not
to refer to the stability of an atom that has been successfully
described by Bohr, but instead refers to the condition of an
electron not falling into the atomic nucleus.

II. ELECTRON ENERGY AS DESCRIBED ACCORDING
TO CLASSICAL MECHANICS

Let us review the energy of an electron inside a hydro-
gen atom. Let us suppose that an atomic nucleus is at rest
because it is heavy, and consider the situation where an elec-
tron �electric charge −e, mass m� is orbiting at speed v along
an orbit �radius r� with the atomic nucleus as its center. An
equation describing the motion is as follows:
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From this, we obtain
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Meanwhile, the potential energy of the electron is

V�r� = −
1

4��0

e2

r
. �3�

Since the right side of Eq. �2� is −1 /2 times the potential
energy, Eq. �2� indicates

V�r� = − 2�1

2
mv2� . �4�

Therefore, the total electron energy is

E =
1

2
mv2 + V�r� �5a�

=− K . �5b�

Also, the total energy of the electron is equal to half its
potential energy:

E =
1

2
V�r� . �6�

The reason for the difference in potential energy and
kinetic energy �K� in Eq. �4� is thought to be the photon
energy �� released by the electron.

Accordingly, we can establish the following law of en-
ergy conservation.
V�r� + K + �� = 0, V�r� � 0. �7�
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III. AN ABSOLUTE DEFINITION OF THE TOTAL
ENERGY OF A HYDROGEN ATOM

Referring to classical quantum theory and Eq. �5b�, the
relationship between the total energy and kinetic energy of
an electron inside a hydrogen atom is

En = −
1

2
� 1

4��0
�2me4

�2

1

n2 �8a�

=
E1

n2 �8b�

=−
K1

n2 , n = 1,2, . . . . �8c�

Here, n is a principal quantum number. In this case, the total
energy of a hydrogen atom has a negative value.

When describing the total energy of a hydrogen atom
according to classical mechanics, we must know the atom’s
potential energy and kinetic energy. However, discussing the
energy of a hydrogen atom according to quantum mechanics,
we are only concerned with the increase or decrease in total
energy.

Additionally, the classical quantum radius rn is repre-
sented as follows:

rn =
4��0�2n2

me2 �9a�

=aBn2, n = 1,2, . . . . �9b�

Here, the value n=1 is the Bohr radius aB, which corre-
sponds to the ground state of the hydrogen atom. According
to classical quantum theory, the total energy and the potential
energy of a hydrogen atom are considered to be zero when
the electron is separated from the atomic nucleus by a dis-
tance of infinity and remains at rest in that location. The total
energy of Eq. �8a� is the value obtained from this perspec-
tive.

In classical quantum theory, we emphasize the difference
in energy, not the absolute energy. However, according to
quantum mechanics textbooks, the eigenvalue of the energy
of a hydrogen atom as obtained from the Dirac equation,
which is a relativistic wave equation, is as follows:1

E = mc2�1 −
�2

2n2 −
�4

2n4� n

�k�
−

3

4
�	 . �10�

It is important to note that energy here is defined on an
absolute scale. Because Z=1 in the case of a hydrogen atom,
�=e2 /�c �� is the fine structure constant�. If we ignore the
third term of this equation and define it as an approximation,
Eq. �10� can be written as follows:

E = mc2 −
1

2
� 1

4��0
�2me4

�2

1

n2 �11a�

2
=mc + En. �11b�
Moreover, E of Eq. �A5� defines an absolute quantity,
which includes the electron’s rest mass energy �see Appendix
A�.

From this fact, in this paper, the total energy in absolute
terms, Eab,n, for a hydrogen atom is defined as below:

Eab,n = E0 + Kn + V�rn� �12a�

=E0 +
V�rn�

2
�12b�

=E0 + En, n = 1,2, . . . ,En � 0. �12c�

Here, Eab,n is the total energy as defined in absolute terms
when the principal quantum number is n.

To agree with n on the left side, n is added to K and r on
the right side.

When defined on an absolute scale, the total energy of a
hydrogen atom is less than the electron’s rest mass energy.

IV. TRUE NATURE OF POTENTIAL ENERGY OF A
HYDROGEN ATOM

The case of a single electron, at rest in free space, is
considered. According to Einstein, the only energy of an
electron in this state is its rest mass energy, or E0, which is
mc2.2

Although a particle cannot exist in a certain location
with zero momentum according to the uncertainty principle,
we shall set that problem aside for the moment and proceed
with our consideration.

If this electron absorbs photon energy, the photon energy
absorbed is transferred into kinetic energy of the electron.
We know that the following Einstein’s relationship is true for
the total energy E and the momentum p of the electron that
begins moving:

E2 = c2p2 + E0
2. �13�

Of course, E�E0 in this case.
However, what happens if this electron at rest is attracted

to the nucleus of a hydrogen atom, a proton, and is drawn
into the atom?

The electron emits a photon from itself without absorb-
ing external energy, and at the same time gains an amount of
kinetic energy equivalent to the photon energy.

Even if the electron which was at rest begins moving in
free space, and even if it is absorbed into an atom, the start-
ing point of the electron’s energy for either case is its rest
mass energy.

The electron’s energy E for the former state is E�E0

and for the latter state is E�E0.
Meanwhile, in order to maintain the law of energy con-

servation in the latter case, an energy source is needed to
supply the increased kinetic energy and released photon en-
ergy.

According to the explanation based on classical mechan-
ics in Sec. II of this paper, the reduction comes from poten-

tial energy.
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However, potential energy has no fundamental substance
and is considered a concept introduced by classical mechan-
ics to maintain the law of energy conservation.

Meanwhile, the energy gained by the hydrogen atom, as
obtained using the Dirac equation, includes the electron’s
rest mass energy.

The energy here is measured on an absolute scale. Be-
cause E�E0 in this case, Einstein’s relationship does not
apply to an electron in this state.

However, the energy of a hydrogen atom, obtained
through classical quantum theory or the Schrödinger equa-
tion, is negative. This can be considered to be a measurement
on an absolute scale which excludes the electron’s rest mass
energy. However, it appears that we have failed to notice this
exclusion.

Let us imagine an electron transported an infinite dis-
tance from the proton of a hydrogen atom and placed at rest.
The energy of a hydrogen atom in this state, as obtained from
classical quantum mechanics or the Schrödinger equation, is
zero. This zero energy is sometimes described as the total
energy and sometimes described as the potential energy.

However, the Dirac equation predicts that the potential
energy for this case will be zero but that the total energy will
be mc2. When describing the total energy of a hydrogen atom
on an absolute scale, the energy in this case equals the elec-
tron’s rest mass energy.

If we define the single photon energy and kinetic energy
now being released as −En, the energy transfer in the initial
state could be written as follows:

�E0 + V�rn�� + Kn + �� = �E0 + 2En� − En − En �14a�

=E0. �14b�

Because the photon is emitted externally, if we omit that
energy here, the total energy of a hydrogen atom can be
expressed as

Eab,n = �E0 + V�rn�� + Kn �15a�

=�E0 + 2En� − En �15b�

=E0 + En. �15c�

2En, which corresponds to the potential energy V�rn� of a
hydrogen atom from Eq. �15b�, is thought to be the reduction
in the electron’s rest mass energy.

The potential energy of a hydrogen atom is usually re-
lated to the distance between the proton and the electron.
However, when considering that Eq. �11b�, which predicts
the energy of a hydrogen atom, includes the electron’s rest
mass energy, it is possible to surmise that the potential en-
ergy of a hydrogen atom is related to the energy of the elec-
tron.

This paper predicts that the rest mass energy of the elec-
tron is the source of the kinetic energy obtained by the elec-
tron and of the photon energy emitted by the electron.

Let us summarize the points covered until now. Under
classical mechanics, the following equation �Eq. �7�� is true:
V�r� + K + �� = 0, V�r� � 0.
Meanwhile, from the perspective of this manuscript, if
we represent the reduction in rest mass energy of the electron
as −	E0, then the following equation is true:

− 	E0 + K + �� = 0. �16�

Thus, in our discussion, in dealing with the potential
energy of a hydrogen atom, we offer the hypothesis that this
physical quantity corresponds to the reduction of the elec-
tron’s rest mass energy:

V�r� = − 	E0. �17�

If this relationship is accepted to be true, then it is pos-
sible for potential energy, which did not exist when the elec-
tron was at rest, to decrease.

V. DISCUSSION

In the central field inside a hydrogen atom, the amount
of reduced potential energy can be thought to be equivalent
to the sum of increase in the kinetic energy of an electron
and the energy of photons emitted by the electron. Accord-
ingly, we can establish the following law of energy conser-
vation:

− 	V�r� + 	K + �� = 0. �18�

According to Eq. �14a�, half of the decrease in rest mass
energy was released outside the atom as photon energy,
while the other half was converted into the electron’s kinetic
energy. When each of the photon energy and the electron’s
kinetic energy reach mc2 /2, the electron cannot obtain more
kinetic energy than this, and it is also unable to decrease its
potential energy. Thus, the value V�r� must satisfy the fol-
lowing inequality:

− mc2 � V�r� � 0. �19�

Therefore, there exists a minimum value of potential en-
ergy, whereupon the following relationship is established:

− � 1

4��0
� e2

re
= − mc2. �20�

The location that satisfies this relationship is the distance
of closest approach re, which indicates how close the elec-
tron comes to the center of the atom. From Eq. �20�, re is the
following value:

re =
1

4��0

e2

mc2 �21a�

=rc. �21b�

Here, rc is the classical electron radius.
Thus, it becomes clear that an electron is not absorbed in

an atomic nucleus �see Appendix B�. Furthermore, the dis-
tance rc agrees with the distance of closest approach of

-particle in Rutherford scattering.3,4

Even though we could explain the reason why an elec-
tron is not absorbed into a nucleus without waiting for the
appearance of Bohr’s classical quantum theory, we remained

oblivious to this fact for the past century.



138 Phys. Essays 22, 2 �2009�
VI. CONCLUSION

�1� In considering the potential energy in this discussion,
we offered the hypothesis that this physical quantity corre-
sponds to the decrease in the electron’s rest mass energy.
Thus,

V�r� = − 	E0.

�2� The stability of a hydrogen atom was first explained
according to Bohr’s classical quantum theory. However, it
becomes clear that within the electron inside a hydrogen
atom, there exists an off-limits boundary rc. Furthermore,
this distance of closest approach corresponds to the classical
electron radius. �see Table I�

This value is different from the value predicted by clas-
sical quantum theory, or the Bohr radius, but the atom’s sta-
bility can be explained even by our approach. However, this
does not necessarily mean that our discussion has casts doubt
onto quantum mechanics. Our discussion shows only that it
is possible to explain the stability of a hydrogen atom ac-
cording to theories other than quantum mechanics.

The conclusion of this paper is a common sense conclu-
sion based on classical mechanics logic.

Even so, it has been intentionally highlighted because
this fact is not commonly known by all current physicists.
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APPENDIX A
One of the important relationships in the Special Theory

of Relativity is as follows:

E2 = c2p2 + E0
2. �A1�

Here, E is the total energy of an object or a particle.
Gasiorowicz discusses the relativistic analog of

Schrödinger for a bound �scalar� electron inside a hydrogen
atom, which does include the rest mass energy of the elec-
tron in an attractive, central potential.5

TABLE I. Energy of electrons at distances �, aB and rc from an atomic
nucleus.

Distance from nucleus � aB rc

Photonic energy �total�, �� 0 −E1 mc2

2

Kinetic energy, K 0 −E1 mc2

2

Potential energy, V�r�=−	E0 0 2E1 −mc2

Total energy E0+V�r�+K mc2 mc2+E1 mc2

2

Rest mass energy, E0+V�r� mc2 mc2+2E1 0
This equation is
� E

�c
+

Ze2

4��0�c

1

r
�2

� = − �2� + �mc

�
�2

� , �A2�

which is the operator version of Eq. �A1� when a potential is
included,

�E − V�2 = c2p2 + E0
2. �A3�

The solution by solving for this Eq. �A2� did not agree
with the actual energy level of the hydrogen atom. The rea-
son proposed is that electrons are 1 /2 spin particles and do
not follow the Klein-Gordon equation. However, as a re-
maining problem, the left side of Eq. �A3� is as follows:

E − V = �K + V� − V �A4a�

=K . �A4b�

Thus, K2�E0
2, or �p2 /2m�2� �mc2�2, but this kind of in-

equality should normally not be possible. Here, let us sur-
mise that E of Eq. �A3� is defined not as the E of Eq. �5b� but
instead as

E = E0 − K . �A5�

By substituting this E into Eq. �A3� and considering the re-
lation to Eq. �4�, we obtain

�E0 + K�2 = c2p2 + E0
2. �A6�

This equation is identical to Einstein’s relationship. In the
end, the total energy E of Eq. �A3� is the energy as defined
by Eq. �A5�. E of Eq. �A3� includes the electron’s rest mass
energy and is defined on an absolute scale.

APPENDIX B
According to classical quantum theory, the total energy

of a hydrogen atom is

En = −
1

2
� 1

4��0
�2me4

�2

1

n2 �B1a�

=− 2��cR
1

n2 , n = 1,2, . . . . �B1b�

Here, R is the Rydberg constant, which is defined by the
following equation:

R =
1

4�
� 1

4��0
�2me4

c�3 . �B2�

Equation �B1a� represents the ground state energy of a
hydrogen atom when n is 1, and this energy is E1=
−13.6 eV.

Meanwhile, the minimum energy value of a hydrogen
atom as predicted in this paper is −mc2 /2, or −255 500 eV.
If this energy is represented as Eg, then these two energy
values have the following relationship:

E1

Eg
= � 1

4��0
�2me4

�2

1

mc2 �B3a�

=� e2 �2

�B3b�

4��0�c
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=
2 �B3c�

=5.325 
 10−5. �B3d�

However, 
 here is the following fine structure constant:


 =
e2

4��0�c
= 7.297 352 537 6 
 10−3. �B4�

This results in a considerable discrepancy in the avail-
able energy according to theory, or Eg, and the actual ground
state energy, or E1. I intend to address the issue of this dis-
crepancy in a separate paper. In this paper, I intend to derive
the energy of a hydrogen atom using the following equation,
instead of Eq. �B1b�:

En = − 2��cR
1

2 2 , n = 0,1,2, . . . . �B5�

�5
 /4� + n
The term 5
2 /4 is newly added to the denominator of
this equation. Surprisingly, even when n is 0 as in Eq. �B5�,
the hydrogen atom can take a limited value of energy.

Thus, the energy when n=0 is −2mc2 /5.
In the equation I have derived, we can predict a condi-

tion where the energy of a hydrogen atom is n=0. Hydrogen
atoms in this state might even be considered as potential
candidates for the unknown dark matter filling the universe.
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