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Abstract 
In this paper, the author searches for a formula different from the existing formula in order to elucidate the nature 
of the fine structure constant . The relativistic energy of the electron in a hydrogen atom is expressed as  
and the momentum corresponding to that energy is taken to be . Also,  is assumed to be the momentum 
of a photon emitted when an electron that has been stationary in free space transitions to the inside of a hydrogen 
atom. When n=1, the ratio of  and  matches with . That is,  Also, the formula for the 
energy of a photon is . However, this formula has no constant of proportionality. If one wishes to claim 
that the energy of a photon varies in proportion to the photon's frequency, then a formula containing a constant of 
proportionality is necessary. Thus, this paper predicts that, in the natural world, there is a minimum unit of angular 
momentum  smaller than the Planck constant. (The vp in  stands for “virtual particle.”) 
If this physical constant is introduced, then the formula for the energy of the photon can be written as . 
If  exists, a formula can also be obtained which helps to elucidate the nature of the fine structure constant. 
Keywords: Fine structure constant, Relativistic energy, Hydrogen atom, Planck constant 
1. Introduction 
The fine structure constant  is a mysterious constant which has no dimensions, and its value is defined as 
follows.  

 
2

0

.
4

eα
πε c

=


 (1) 

This constant was introduced in 1916 by Sommerfeld to explain the slight splitting (fine structure) of spectral lines 
for the hydrogen atom. However, its nature is not well understood. Therefore, this paper searches for a formula 
different from Equation (1), and thereby aims to deepen understanding of the fine structure constant. 

This paper also searches for an unknown physical constant with the dimensions of angular momentum. The reason 
is dissatisfaction with the following formula for the energy of a photon. 
 .E hν=  (2) 
The energy of a photon matches the product of the Planck constant h and the photon’s frequency . However, in 
general, the tendency is to regard  as varying in proportion with . In that case, the Planck constant is 
regarded as the constant of proportionality. However, h has dimensions, and thus this constant cannot be regarded 
as a constant of proportionality. It may be possible to solve this problem if an unknown physical constant exists 
which has the dimensions of angular momentum. In that case, first the dimensions of energy are obtained from the 
product of the unknown angular momentum and . Next, the constant of proportionality is multiplied with that 
product, and the numerical value is made to match with energy. 
If that sort of formula can be obtained, then it will also be possible to clarify the relationship between the constant 
of proportionality contained in the unknown formula and the fine structure constant. 
2. A Formula Applicable to the Electron in a Hydrogen Atom 
Letting 2

0m c be the rest mass energy and p the momentum of an object or a particle existing in free space, 
Einstein’s energy-momentum relationship is given by the following equation: 
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 ( ) ( )2 22 2 2 2
0 .mc c m c= +p

 
 (3) 

Here, 2mc is the relativistic energy. 
In contrast, the author has derived the following relationship for a bound electron in a hydrogen atom, which must 
take into account the Coulomb potential (Suto, 2011):  

 ( )22 2 2 2
re, e ,n nE c m c+ =p

  
1,2, .n = ⋅ ⋅ ⋅

  
(4) 

Here, re,nE is the relativistic energy described on an absolute scale. re,nE  expresses the remaining amount of rest 
mass energy of the electron.  
Incidentally, Bohr derived the following formula for the energy levels in the hydrogen atom. This formula can be 
obtained from the sum of potential energy and kinetic energy. (Naturally, application of the quantum condition is 
indispensable). 
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 in Equation (5) is total mechanical energy. However, in itself  is an energy which should be defined as 
follows. 

  2
re, e .n nE E m c= −    (6) 

nE  expresses the reduction in rest mass energy of the electron. Also  can be defined as follows. 
  2

re, re, .n nE m c=   (7) 
Here, re,nm is the relativistic mass of the electron.  
Incidentally, it is known that the following formula can be derived from Equation (1). 
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If the same logic is applied to Equation (4), then the following formula can be derived. 
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Here, the following assumption is made (Suto, 2017): 
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(10) 

However, this velocity is taken to be the average velocity of the electron, in accordance with quantum mechanics. 
The following formula for  is obtained from Equations (9) and (10).  
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From this, Equation (4) can be written as follows. 
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Also, if Equation (12) is rewritten into a relation of momentum, the result is as follows. 
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The steps thus far reconfirm matters already discussed in other papers (Suto, 2017): 
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The two terms on the left side of Equation (13) can be regarded as vectors, and the magnitude of these vectors is 
defined as follows. 
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 in Equation (14) is the momentum of the electron corresponding to the relativistic energy . Now, 
what is  in Equation (15)? 
The following relationship holds for energy of an electron in a hydrogen atom. 

 ( )( ) ( ) ( )2 2 2
e re, re, e e ,n n n n n n n nm c E E E K V r m c K E m c K= − = − + = − − = − + ω  0.nE <  (16) 

Here,  is the energy of a photon emitted when an electron that has been stationary in free space is taken into 
the hydrogen atom. 
According to Equation (16), the kinetic energy of the electron is included in , and thus the momentum of the 
electron is also naturally included in  in Equation (14). Therefore, in this paper, it is predicted that  is 
the momentum of a photon emitted when an electron that has been stationary in free space transitions to the inside 
of a hydrogen atom. (The p in  stands for photon.) 
It is evident from Equation (13) that the two momentum vectors are orthogonal. Also, Equation (13) can be written 
as follows. 
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From this, the following relation can be derived.  
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When , Equation (18) matches with the fine structure constant. 
3. Region where Virtual Particle Pairs Constituting the Vacuum can Exist 
The content of this section is treated in multiple papers, but is regarded as necessary for the discussion in Section 
4 (Suto, 2014, 2017): 
The author presented the following equation as an equation indicating the relationship between the rest mass 
energy and potential energy of the electron (Suto, 2009):  

 ( ) 2
e .V r m c= −Δ    (19) 

According to this equation, the potential energy of a bound electron in a hydrogen atom is equal to the reduction 
in rest mass energy of that electron.  
There is a lower limit to potential energy, and the range which energy can assume is as follows.  

 ( )2
e 0.m c V r− ≤ <    (20) 

Also, the following constraint holds regarding the relativistic energy Ere of the electron due to Equations (5) and 
(6) (here, the discussion is limited to the ordinary energy levels of the atom). 

 2 2
e re e

1 .
2

m c E m c≤ <   (21) 

The logic used when deriving Equation (2) can also be applied in the region of Equation (21).  
Incidentally, the energy of the electron in a hydrogen atom can be given not only by Equation (11) but also by the 
following formula. 

 
2

2
re e

0

1 1( ) .
2 2 4

eE E m c V r
πε r

= − = = −    (22) 

re,np 2
re,nm c

p,np

ω

re,nE
re,np p,np

p,np

1n =



apr.ccsenet.org Applied Physics Research Vol. 9, No. 3; 2017 

20 

Here, if is substituted for E in Equation (22), then the r where  is 

 e .
2
rr =    (23) 

Here, re is the classical electron radius as follows. 

 
2

e 2
0 e

.
4

er
πε m c

=    (24) 

Also, according to Equation (22), the following relationship holds between  and r. 

   
2

e
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m cE r r=      ↔     =  (25) 

Incidentally, there are positive and negative solutions for the energy in Equation (4) (Suto, 2014):. Here, the energy 
levels of an ordinary hydrogen atom are expressed as  and the unknown energy levels are expressed as   
At this time, the following relations hold between r and E. 

 2 2
e e re, e

1 .
2n nr r m c E m c+ +<    ↔   < <   (26.1) 

 2 2e e
e re, e

1 .
4 3 2n n
r rr m c E m c− −< <    ↔   − < < −   (26.2) 

  e
re 0.

2
rr E=      ↔     =   (26.3) 

As is clear from Equations. (26.1) and (26.2), the electron cannot penetrate into the following region.  

  2 2e
e e re e

1 1 .
3 2 2
r r r m c E m c≤ ≤    ↔   − ≤ ≤  (27) 

Equation (4) is applicable in the ranges of Equations (26.1) and (26.2). Therefore, in this paper, the region in 
Equation (27) is predicted to be a region where there exist virtual electron and positron pairs constituting the 
vacuum. However, the energy of a virtual particle pair is twice the energy of the virtual electron, and thus Equation 
(27) can be rewritten as follows.  

2 2e
vp e e vp e .

3
r r r m c E m c≤ ≤    ↔   − ≤ ≤   (28) 

Here,  indicates the energy of virtual particle pairs (the subscript “vp” stands for “virtual particle.”) A 
subscript is also attached to r to take symmetry into account. 
If a classical picture is used, then  is not the radius of virtual particle pairs in orbital motion, and can be regarded 
as the distance from the center of atomic nucleus to the virtual particle pair.  
Incidentally, potential energy does not exist in the region of Equation (27). Therefore, if it is assumed that the 
energy-momentum relationship holds for virtual particle pairs too, then that can be obtained by setting 0m equal 
to zero in Equation (3). That is, 
 2

vp vp vp .E m c p c= =  (29) 
Here,  indicates the mass of the virtual particle pair, and  indicates the momentum of the virtual particle 
pair. 
4. Introduction of Unknown Angular Momentum and Formula for the Energy of a Photon 
Bohr assumed the following quantum condition when constructing the classical quantum theory. 

 2 2 , 1,2, .n np πr πn n⋅ =         = ⋅ ⋅ ⋅  (30) 
Following that approach, this paper creates a physical quantity with the dimensions of angular momentum from 
the virtual particle pair. If Equations (28) and (29) are used, then  and  become as follows when the 
energy of the virtual particle pairs is . 

   vp e ,p m c=   vp e.r r=   (31) 
From this, the following units of angular momentum can be created. 
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Here, this paper defines the following quantity with the dimensions of angular momentum. 
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 can be regarded as the intrinsic angular momentum for a virtual particle pair. In response, the Planck constant 
can be written as follows. 

 e C.h m cλ=    (35) 
The Planck constant is the intrinsic angular momentum for an electron. Also, from Equation (33), the relationship 
between  and  becomes as follows. 

 vp .α=     (36) 
Here, if the ratio of  and vph  is taken,  

vp vp .
h

α
h

= =



   (37) 

The fine structure constant can be defined as the ratio of  and vph . If the relationship in Equation (37) is used, 
then Equation (2) can be written as follows. 

 vp
1 .E h ν
α

=  (38) 

The energy of a photon varies in proportion with  (in this case,  is the constant of proportionality). If 
the formula for the energy of a hydrogen atom is expressed as in Equation (38), this resolves the dissatisfaction of 
the author which was raised a problem in the introduction.  
When deriving Equation (5), Bohr assumed Equation (30). If discrete energy levels also exist in the virtual particle 
pairs constituting the vacuum, then a formula is necessary to describe that. In that case, a good approach is to 
assume the following quantum condition, and then derive the energy levels of the vacuum (Suto, 2015): 

 vp, vp,2 2 .n nπp r πnα=    (39) 
 
5. Conclusion  
1) If 1n =  is set in Equation (18), then the fine structure constant can be defined as follows. 
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Also, if the relation in Equation (39) holds for virtual particle pairs constituting the vacuum, then the following 
relation can be obtained from Equations (30) and (39).  
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2) In the natural world, there is a unit of angular momentum smaller than the Planck constant. That is, 
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It can be predicted that this physical constant is the intrinsic angular momentum for a virtual particle pair. The 
ratio of  and  is as follows. 

 vp .
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=   (43) 

If this unknown physical constant  is introduced into physics, then Equation (2) can be written as follows. 
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  vp
1 .E h ν
α

=   (44) 

The author is convinced that the discussion in this paper has yielded new findings regarding the fine structure 
constant. 
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