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Abstract

The author has previously derived an energy-momentum relationship applicable in a hydrogen atom. Since this
relationship is taken as a departure point, there is a similarity with the Dirac’s relativistic wave equation, but an
equation more profound than the Dirac equation is derived. When determining the coefficients a, and P of the
Dirac equation, Dirac assumed that the equation satisfies the Klein-Gordon equation. The Klein-Gordon equation
is an equation which quantizes Einstein's energy-momentum relationship. This paper derives an equation similar
to the Klein-Gordon equation by quantizing the relationship between energy and momentum of the electron in a
hydrogen atom. By looking to the Dirac equation, it is predicted that there is a relativistic wave equation which
satisfies that equation, and its coefficients are determined. With the Dirac equation it is necessary to insert a term
for potential energy into the equation when describing the state of the electron in a hydrogen atom. However, in
this paper, a potential energy term is not introduced into the relativistic wave equation. Instead, potential energy
is incorporated into the equation by changing the coefficient @, of the Dirac equation.

Keywords: Einstein’s energy-momentum relationship, Dirac’s relativistic wave equation, hydrogen atom,
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1. Introduction

One of the most important relationships in the Special Theory of Relativity (STR) is as follows:

2

(mocz)2 +pc’ =(mcz) . )

2

Here, mc” is the relativistic energy of an object or a particle, and m,c” is the rest mass energy.

Currently, Einstein’s relationship (1) is used to describe the energy and momentum of particles in free space, but
for explaining the behavior of bound electrons inside atoms, opinion has shifted to quantum mechanics as
represented by equations such as the Dirac’s relativistic wave equation.

For reasons such as these, there was no search for a relationship between energy and momentum applicable to an
electron in a hydrogen atom.

Here, let's consider Einstein's energy-momentum relationship, that holds for isolated systems in free space.
Assume now that an electron is stationary in free space. In this case, if the electron absorbs photonic energy, the
photonic energy is converted to kinetic energy of the electron.

However, the situation is different if the electron is drawn toward the proton, and taken into the hydrogen atom.
The kinetic energy acquired by the electron matches the emitted photonic energy. As the electron emits a photon,
it also acquires kinetic energy. However, an energy source is needed to achieve this. The only conceivable
possibility for this energy source is the rest mass energy of the electron.

The decrease in rest mass energy of the electron is expressed as —Am_c’. If the photonic energy released when
an electron is drawn into a hydrogen atom is taken to be 4y, and the kinetic energy acquired by the electron is
taken to be K, then the following relationship holds.

—Am.c* +K+hv =0. )
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In previous theory, however, the electron procured the kinetic energy and photonic energy by reducing the
potential energy. The following equation expresses this situation.

V(r)+K+hv=0. (3)

The author presented the following equation as an equation indicating the relationship between the rest mass
energy and potential energy of the electron in a hydrogen atom (Suto, 2009):

V(r)=-Amc’. 4)
2. Energy-Momentum Relationship for a Bound Electron in a Hydrogen Atom
Referring to a STR textbook (French, 1968), we derive the energy-momentum relationship for a bound electron

in a hydrogen atom. When a particle moves through macroscopic space, for an isolated system, as its velocity
increases, the kinetic energy and hence total mechanical energy of the particle will increase.

In classical mechanics, the increase of kinetic energy corresponds to the work done by external forces, and we
have following equation.

d
dK:Rﬁz;?m:v@x 5)
t
Also, in this situation, the particle’s total mechanical energy and kinetic energy increase, but the increases are
equal. That is,
dE = dK. (6)
From Equations (5) and (6), we have,
dE =vdp. @)
Next, let us imagine an electron that is at rest an infinite distance in macroscopic space from nucleus of a
hydrogen atom—a proton—and is attracted by the proton’s electrical force, creating a hydrogen atom. The

electron emits photons outside the atom and reduces its rest mass energy, but at the same time gains an amount
of kinetic energy equal to the reduced amount of energy.

The following relationship can be derived in a hydrogen atom.

—dE =dK. ®)
The following relationship can be subsequently derived from Equations (5) and (8).
—dE = vdp. O]

We start from Equation (7) when deriving Einstein’s relationship (1), but when deriving the relationship in a
hydrogen atom, we must start from Equation (9).

In classical mechanics,
m=2. (10)
%
And, in STR,
(11)

If, further, we suppose that Equation (11) describes a universal equivalence of energy and inertial mass, we can
combine Equations (10) and (11) into a single statement:

E
m=—.
2

c

2
=P (12)
v
Next, by multiplying the left and right sides of Equations (9) and (12), we obtain:
EdE =—pc’dp. (13)
We integrate this:
E* =—p’c’ +const. (14)

We shall next determine the constant of integration and energy E for Equation (14).

The constant of integration should normally determined through experzimentation. However, from the analogy of
Equation (1), the constant of integration can be assumed to be (mec2 )
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Since the physical quantities of the electron in the atom have discrete values, if the subscript # is attached to the
physical quantities on both sides of Equation (14). Here, 7 is the principal quantum number.

Also, the relativistic energy of the electron in a hydrogen atom is expressed as E, . Then, Equation (14)

becomes (Suto, 2011):

Efe’n +p§c2 = (mec2 )2. (15)
The relativistic energy of the electron E,,, can be defined as follows.
E,,=mc’. (16)

Here, m, is the mass of an electron with energy E,_,. The mass of an electron moving within an atom becomes

lighter. Also, E_ can be defined as follows. !

E. =mc +E =mc’ -K, :mccz+%V(rn). (17)
Here, K, is the kinetic energy of the electron.
Incidentally, Equation (12) can be written as follows.
E_v

P,Cc= —C - (18)

Here, if we substitute p,c in Equation (18) into Equation (15) and rearrange, then the following value is
obtained.

i v: 12
E.,=mc 1+c_2 . (19)

3. Elimination of Incompleteness of Equation (19)

In its current form, Equation (19) is insufficient as a formula describing the micro world. The equation includes
the velocity of the electron, and energy is not discrete.

Incidentally, Bohr's quantum condition can be written as follows.

mv, -27r, = 27nh. (20)
Here,
A
p=tt @1
2r 2r
Next, when r, /o is found,
o e 4mehe A 22)
o Amegmc € 27

Here, r, is the classical electron radius and «a is the fine structure constant. Each of these can be written as
follows.

2
e

;o= , 23
© dmegmc’ 23)
2
a=—5 . (24)
4re,hc

Also, the radius of the electron orbital derived by Bohr can be rewritten as follows.

: ? 4re,he Y A
7 =47r$0h—2n2 =—° 2( ﬂg = rez n’=—Sn’. (25)

me 4re,m.c e o 2re

If the value of r, in Equation (25) is substituted into Equation (20),

104



apr.ccsenet.org Applied Physics Research Vol. 10, No. 6; 2018

mv, in2 =m,cA.n. (26)
(2%
Using this,
W _& (27)
¢ n

In a previously published paper, the author assumed Equation (27) (Suto,2014a): However, in this paper
Equation (27) is not assumed. Rather, it is concluded that the left and right sides of Equation (27) are equal. It
was possible to find Equation (27) from Bohr's quantum condition.

If Equation (15) is solved for energy, the following solutions can be derived.

5 1/2

Ew=imec2( 7 ZJ , n=0,1,2,--. (28)
’ n+o

Here, Equation (28) is divided into the following two equations, by taking the positive energy levels among the

relativistic energy levels of the electron forming a hydrogen atom to be E! ,and the negative energy levels to

re,n”
be E_

re,n*

@

. . n2 1/2 ~
E;,=mc R , n=1,2,--- (29)

. ~ , nz 1/2 ~
E.,=-mc R , n=12---. 30)

Incidentally, if n=0 then E_ =0, but what can exist in this state is not the electron of a hydrogen atom. This
energy is the energy of the virtual particle pairs constituting the vacuum. (This is also the energy of, respectively,
the virtual electron and virtual positron.) (Suto, 2017b; Suto, 2017c): Therefore, n=0 was deleted in
Equations (29) and (30).

When Equation (29) is used, the normal energy levels of a hydrogen atom are as follows.

5 -1/2
E =E,, -mc =mc’ [[H“—ZJ —1}, n=1,2, 31)
n

Now, if a Taylor expansion is performed on the right side of Equation (31),

) a2\ ) o 3o o 3at
E =mc 1+n_2 -1|=m.c 1_2n2+8n4 -1|=m.c _2n2+8n4 . (32)

When this is done, the equations for the energies is as follows.

2

o
E =- e mecz, n=12,---. (33)

Incidentally, in the classical quantum theory of Bohr, the energy levels E,
following formula. (Here the B in Ej , stands for “Bohr”).

2
11 )\ me 1 o,
E, =—— < —=— mec, n=12,--. 34

> 2(4;:5()} n*ont 2t " S

From this, it is evident that Bohr’s energy equation, Equation (34), is an approximation of Equation (31).

5., 0f a hydrogen atom are given by the

The following compares energies when n=1.

Value predicated by this paper Equation (31):  E, =—13.60515 eV. (35)
Value predicted by Bohr Equation (34): Ey, =-13.60569 eV. (36)
EB,I _
= 1.0000397. 37)

1
One could say there is almost no difference between Equations (35) and (36). However, while the energy region
that can be handled with Bohr's theory is E,; < £ <0, the energy region that can handled with Equation (15) is
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-m,c’ <E_<m,c’. If Equation (15) is used, the energy region that can be handled is much broader than the
region that can be handled with quantum mechanics (Suto,2018):

If a Taylor expansion is performed on the right side of Equation (30),

2 -1/2 )
E, =mc’=-mc’ [1+0{_2j =~-mc’ + az m.c’. (39)
’ n 2n
From this, we obtain,
aZ
m =-m_|1— <0. 39
n e [ 2n2 j ( )

Electrons at negative energy levels have negative mass. To distinguish between ordinary hydrogen atoms and
this matter formed from electrons with negative mass and protons with positive mass, the author has adopted the
name "dark hydrogen atom." (Suto, 2017a; Suto,2017): In this case, an aggregate of dark hydrogen atoms
becomes dark hydrogen. The existence of dark hydrogen has already been discussed in another paper (Carnegie
Institution for Science, 2016; McWilliams, 2016): However, the author would like to leave pending the decision
on whether these two dark hydrogens are the same type.

Incidentally, the only quantum number in Equation (28) is n. If one wishes to obtain a solution as good as the
solution of the Dirac’s relativistic wave equation, an equation similar to the Dirac equation must be derived from
Equation (2).

4. Derivation of a Relativistic Wave Equation more Profound than Dirac’s Relativistic Wave Equation
The Dirac’s relativistic wave equation can be written as follows (Schiff, 1968):
. a . 2
lhgllj = (—ihca,V , + fm,c* ). (40)
Here, the wave function y is indicated by a matrix with four rows and one column.
The constants o and p introduced here must satisfy relationships like the following (Dirac, 1978):
B =1 opf+pa =0, =1, ao+a0 =0, jk=123(#k. 41)

It is known that the simplest matrix which satisfies these relationships is a matrix with four rows and four
columns. Here, the following Pauli spin matrices and the unit matrix are used:

[0 1] (0 —i] (1 0] [1 oj
o, = , O0,=| . , O, = , I= . (42)
1 0 i 0 0 -1 01

When this is done, the following form can be used as a matrix with four rows and four columns satisfying the

condition in Equation (41):
0 o, 10
o = T, = . 43
/ [O-f 0 ] / (0 =1 ] @

In the era of Dirac, it was thought that Equation (1) could be applied to an electron in free space, and that the
following equation incorporating potential energy into Equation (40) could be applied to an electron in an atom.

0 .

zhgw = (—ihca,V , + fm.c® +V ). (44)
An equation corresponding to the relationship between Equations (1) and (40) will now be derived. Now, when
we perform quantization on Equation (2), we obtain the following:
82
a*
This equation corresponds to the Klein-Gordon equation obtained by quantizing Equation (1).

—h? U=h*Vi+ mezc4w . (45)

Next, the Hamiltonian describing the state of the electron in the hydrogen atom is assumed to be as follows:

H =—ihca’-V+ f'mc’. (46)
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Here, if Equation (46) is differentiated one more time, and it is assumed that this satisfies Equation (45), then the
following relationship is obtained:

’ ’ 2
(—ihca -V+ 4 mccz) =R’V +mict. (47
If this equation is written using the components of ', the result is as follows:
3 3 3
-’ Y AoV V, —im Ry () f+ )V, + B mict =hP Y Vi +mict, (48)
Jrk=1 j=l1 j=1

Therefore the constants aj'. and S introduced here must satisfy the following sort of relation:

B?=1 odp+pa =0, a’=-1, do +aa,=0, jk=1,273(j#k). (49)

’
J J

The following form can be predicted for a matrix with four rows and four columns satisfying these relationships:

0 o, 10
" =ia, = I, '=f= . 50
o =ia, (iO'j 0 j B=p [0 _[J (50)
Using this matrix, the equation to be derived can be written as follows:
.h a _ .h /V 4 2
i glj}—(—l caV,+fmc )w (51a)
= (hea,V, + m.c* )i (51b)

Incidentally, a discussion similar to this section has already been presented in another paper. However, the
conclusion reached is different. In a previous paper, it was concluded that Equations (44) and (51) are on an
equal footing (Suto, 2014b): However, it is not possible to derive Equation (28) from Equation (44), which takes
Equation (40) as a departure point. Therefore, in this paper it is concluded that Equation (51) is superior to
Equation (44) for handling the electron in a hydrogen atom.

5. Conclusion

In the era of Dirac, it was thought that Equation (1) could be applied to an electron in free space, and that the
following equation incorporating potential energy into Equation (40) could be applied to an electron in an atom.

ih%w = (—ihca,V , + fmc® +V ). (52)

0 o (1 0
{5} o)

In this paper, however, we have shown that the energy of a hydrogen atom can be described by the following
equation as well:

Where

ih%ﬂi = (~ihcelV , + fme’ ) (54a)
= (hcajVj+,BmeCZ)1U- (54b)
Where
, 0 o, , L, (10
aj—zaj—(l_o_j 0 J’ ﬂ—ﬂ—(o —Ij' (55)

Equation (52) was obtained by inserting a term V into the hamiltonian in Equation (40). On the other hand,
Equation (54) was obtained by changing the coefficient in Equation (40) from @, (53) to u; (55). The change in
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this coefficient corresponds to incorporating potential energy into the hamiltonian in Equation (40). Because the
Dirac equation (40) does not include potential energy, the term J has been newly added in Equation (44).
However, Vis already included within E_ in Equation (2).

The problem is solved not by adding V" to the Dirac equation (40), but by changing the coefficient from @, to

a,.

Incidentally, Equation (2) has a solution that cannot be predicted with the Dirac equation. Therefore, this paper
concludes that, when treating the problem of the hydrogen atom, Equation (54) derived from Equation (2) is
superior to the Dirac equation (52).
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