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Abstract 

If an electron emits all of its rest mass energy 2
em c , the relativistic energy of 

the electron will become zero. According to the special theory of relativity, an 
electron whose relativistic energy is zero does not have photon energy. In this 
paper, however, an electron is regarded as having photon energy 2

em c  and 

negative energy 2
em c− , even when its relativistic energy is zero. The state 

where relativistic energy is zero is achieved due to the positive energy and 
negative energy canceling each other out. Relativistic energy becomes zero for 
an electron in a hydrogen atom when the principle quantum number n is ze-
ro. The author has already pointed out the existence of an energy level with 

0n = . If this model is used, it is possible for an electron in the state with 
0n =  to emit additional photons, and transition to negative energy levels. 

The existence of negative energy specific to the electron has previously been 
nothing more than a conjecture. However, this paper aims to theoretically 
show the existence of negative energy based on a discussion using an ellipse. 
The results show that the electron has latent negative energy. 
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1. Introduction 

The most important conclusion derived from the special theory of relativity 
(STR) is the equivalence of inertial mass and energy [1]. Energy in all its forms 
has inertial mass [2]. To put it another way, all changes in the energy of an ob-
ject E∆  correspond to changes in the object’s inertial mass m∆  [3]. Einstein 
expressed these as follows. 
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2 .E mc=                            (1) 
2 .E c m∆ = ∆                           (2) 

In this paper, let us review the energy-momentum relationship of Einstein 
using a textbook [4]. 

Now, in classical mechanics, an increase in kinetic energy corresponds to 
work done by an external force. That is, 

dd d d .
d
pE F x x
t

= =                        (3) 

If d dv x t=  is used here, Equation (3) can be written as follows. 

d d .E v p=                            (4) 

The following relationship also holds in classical mechanics. 

.pm
v

=                             (5) 

In the textbook of French, the following equation is obtained by combining 
Equation (1) and Equation (5). 

2

.c pE
v

=                            (6) 

Next, if the right-hand sides of Equation (4) and Equation (6), and the cor-
responding left hand sides, are multiplied together, 

2d d .E E c p p=                          (7) 

Integrating this, 
2 2 2 2

0 .E c p E= +                         (8) 

Equation (8) can also be expressed as follows. 

( ) ( )2 22 2 2 2
0 .mc c p m c= +                     (9) 

here 0m  is rest mass and m is relativistic mass. Equation (8) is the ener-
gy-momentum relationship of Einstein that holds in an isolated system in free 
space. 

If an object is at rest, 0p =  and thus Equation (8) is as follows. 
2

0 .E m c=                           (10) 

However, if we are satisfied with Equation (10) only, then the deeper meaning 
of the theory of relativity is lost. Typically, momentum is not zero. In that case, 
Equation (1) is used.  

Equation (1) includes Equation (10) as a special case. In this paper, the energy 
in Equation (1) becomes important when dealing with the relativistic energy of 
the hydrogen atom. 

Now, what sort of relation holds in the case of an electron in a hydrogen atom?  
Let’s consider a situation where an electron at rest in free space is taken into a 

hydrogen atom due to the electrostatic attraction of the atomic nucleus (proton). 
At this time, the electron emits a photon and acquires kinetic energy. The in-
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crease in kinetic energy of the electron corresponds to the work done with re-
spect to the outside. This situation is the opposite of Equation (3), and thus Eq-
uation (3) must be rewritten as follows. 

dd d d .
d
pE F x x
t

= − = −                       (11) 

From this, we obtain not Equation (4) but rather 
d d .E v p= −                            (12) 

Multiplying in the same way the right-hand sides of Equation (6) and Equa-
tion (12), and the corresponding left hand sides, 

2d d .E E c p p= −                          (13) 

And integrating, 
2 2 2 2

0 .E c p E= − +                         (14) 

Equation (14) can also be expressed as follows [5]. 

( ) ( )2 22 2 2 2
e e,n n nm c c p m c m m= − +    < .               (15) 

Equation (15) is an energy-momentum relationship applicable to an electron 
in a hydrogen atom which has potential energy.  
here, 2

em c  is the rest mass energy of the electron, and 2
nm c  is the relativistic 

energy of the electron. The subscript n is the principal quantum number. 
Incidentally, the author has previously conjectured that the electron has latent 

negative energy in ref. [6]. However, since then no papers have been published 
developing the author’s conjecture. Therefore, this paper aims to theoretically 
predict the existence of this negative energy. 

2. Relativistic Correction of the Bohr Energy Levels 

Past attempts to relativistically expand the energy levels of the hydrogen atom 
derived by Bohr have taken Equation (8) as their point of departure [7] [8] [9] 
[10]. However, this is a mistake. 

The equation which treats an electron in a hydrogen atom relativistically is 
not the Dirac equation satisfying Equation (8). It must be another equation sa-
tisfying Equation (14). The author has already derived this equation [11].  

The energy levels derived by Bohr are given by the following formulas [12] 
[13]. 

2 4
e

BO, 2 2
0

1 1 1
2 4n

m e
E

nε
 

= − ⋅ 
 π  

                  (16a) 

2 2
e

BO, 2 1, 2, .
2n
m c

E n
n

α
= − ,   =                   (16b) 

here, BO,nE  signifies the energy levels derived by Bohr. Also, α  is the 
fine-structure constant, and is defined as follows. 

2
3

0

7.2973525693 10 .
4

e
c

α
ε

−= ×
π

=


                (17) 
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In Bohr’s theory, the energy when the electron has been pulled away from the 
atomic nucleus, and is stationary at an infinite distance, is set to be zero. How-
ever, the true energy in this state is 2

em c . The relativistic energy 2
nm c  in Eq-

uation (15) indicates the energy with an absolute scale. 
Incidentally, Einstein and Sommerfeld defined kinetic energy as the difference 

between the total energy and rest mass energy of an object [14]. That is,  

( )
2 2 2

0 0 1 22 2

1 1 .
1

K mc m c m c
v c

 
 = − = −
 −  

             (18) 

If this definition is also used for the kinetic energy of an electron in a hydro-
gen atom, then the energy levels of the hydrogen atom can be defined as follows. 

2 2
re, re, e .n n nE K m c m c= − = −                    (19) 

here, re,nK  is the relativistic kinetic energy of an electron [15]. However, it is 
not appropriate to call re,nE  relativistic energy. The relativistic energy of an 
electron has already been defined by Equation (15). re,nE  gives energy levels 
which correct the Bohr energy levels (16) from the perspective of the theory of 
relativity. However, it should be noted that the term “theory of relativity” is ap-
plied not in the sense of Equation (9) but in the sense of Equation (15). 

Incidentally, the following formula can be derived from Equation (9). 

( )
0

1 22 2
.

1

m
m

v c
=

−
                       (20) 

Using similar mathematics, the following formula can be derived from Equa-
tion (15) [16]. 

( )
e

e1 22 2
.

1
n n

n

m
m m m

v c
=  ,   <

+
                  (21) 

An electron in a hydrogen atom becomes lighter in mass as it increases in 
speed. This is the opposite of the prediction of STR. 

Next, Equation (21) is rewritten using the following relationship derived in ref. 
[15]. 

.nv
c n

α
=                            (22) 

when that is done, 

( )
e

1 22 2
.

1
n

m
m

nα
=

+
                     (23) 

Hence the energy levels in Equation (19) become as follows. 
1 22

2 2 2
re, e e 2 2 1 0,1,2, .n n

nE m c m c m c n
n α

  
 = − = − ,   = 

+   
       (24) 

To simplify the discussion in this paper, the only quantum number addressed 
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is n. 
Next, when the part of Equation (24) in parentheses is expressed as a Taylor 

expansion, 
2 4 6

2
re, e 2 4 6

3 51 1
2 8 16nE m c

n n n
α α α  

≈ − + − −  
   

              (25a) 

2 2
e

re, 2 .
2n
m c

E
n

α
≈ −                        (25b) 

It is evident from this that the Bohr energy levels (16b) are an approximation 
of Equation (24). 

Incidentally, it was once pointed out by Dirac that Equation (8) has a negative 
solution [17]. In the same way, the author has pointed out that Equation (15) has 
a negative solution [18]. The mass of an electron at negative energy levels be-
comes negative. 

In the current universe, there is thought to exist a tremendous mass whose 
true nature is unknown (an unknown source of gravity). The author has pre-
sented matter formed from an electron with negative mass and a proton (atomic 
nucleus) with positive mass as a strong candidate for this unknown matter, i.e., 
dark matter [19] [20] [21] [22].  

Now, if the negative solution of Equation (15) is also incorporated, then the 
relativistic energy ab re,nE±  of a hydrogen atom can be written as follows. 

1 22
2 2 2

ab re, e re, e 2 2 0,1, 2, .n n n
nE m c m c K m c n

n α
±  

= ± = ± = ±  ,   =   
+ 

     (26) 

The ab re,nE  newly introduced here has a long subscript. However, the reason 
for this is to distinguish from re,nE  in Equation (19). ab re,nE  is relativistic 
energy, but this is also energy expressed with an absolute scale. The “ab” in the 
subscript stands for “absolute,” while “re” standard for “relativistic.” If the above 
points are kept in mind, then there is no problem in abbreviating ab re,nE  as 

ab,nE . 

3. Equation (15) Derived from an Ellipse 

In this section, Equation (15) is derived using an ellipse. 
First, consider the Cartesian coordinate system O-xy. Letting F and F’ be the 

points x f= ± , an ellipse is drawn taking those 2 points as foci (Figure 1).  
Let A and A′  be the points where the ellipse intersects the x-axis, and let B 

and B′  be the points where the ellipse intersects the y-axis. Also, let 2a be the 
length of the line segment A A′ , 2b be the length of the line segment BB′ , and 
2f be the length of the line segment FF′ . 

The eccentricity of the ellipse in this case is defined as follows. 

.f
a

ε =                            (27) 

The eccentricity of the ellipse can also be expressed using the following for-
mula. 
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Figure 1. First, the energy 2

em c  is taken to correspond to the line seg-

ment OA , and then Equation (31) is assumed. Equation (15) can be de-
rived if the Pythagorean theorem is applied to the right triangle OBF′ . 

 
1 22

21 .b
a

ε
 

= − 
 

                       (28) 

The following equation can be derived from Equation (28). 

( )1 221 .b a ε= −                        (29) 

here, the line segment OA  is taken to correspond to the energy 2
em c . Let us 

express this as follows. 
2

e .a m c=                           (30) 

Also, assume the following relation. 
1 22

2 2 .n
n

ε
α

 
=  + 

                       (31) 

Taking Equation (30) and Equation (31) into account, b can be expressed with 
the following equations. 

1 22
2

e 2 21 nb m c
n α

  
= −  

+   
                  (32a) 

1 22
2

e 2 2 .m c
n

α
α

 
=  + 

                     (32b) 

Incidentally, if the length of the hypotenuse AB is taken to be c in the right 
triangle AOB in Figure 1, then the Pythagorean theorem below holds for the 
lengths of the three sides of the right triangle.  

 2 2 2 .c a b= +                        (33) 

Next, the Pythagorean theorem is applied to the right triangle OBF′ . At that 
time, taking into account that f aε= , we obtain 

( ) ( ) ( ) ( )
2 22 2 22 2 2 2 2

e e e2 2 2 2 .na b m c m c m c
n n

αε
α α

   
+ = + =   

+ +   
    (34) 

here, if Equation (23) and Equation (22) are also taken into consideration, then 
the equation in Equation (34) can be expressed as follows. 
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( )
2 22 2 2 2 222 2 2 2 2 2 2 2

e2 2 2 2 2 2 2 .n
n n n

n vnm c m c c m c c p
n n n n

α α α α
α α α

     +
= ⋅ = ⋅ =     

+ +     
(35) 

Substituting this result for Equation (35) into Equation (34), 

( ) ( ) ( )2 22 2 2 2 2 2
e .n na b m c c p m cε + = + =                (36) 

when 2
em c  is taken to correspond to the line segment OA , and Equation (31) 

is assumed, then Equation (15) can be derived from the right triangle OBF′ . 
Also, from Equation (30) and Equation (32b), 

 
1 22

2 2 .b
a n

α
α

 
=  + 

                       (37) 

when Equation (37) is substituted for α  in Equation (17), it is evident that the 
ellipse that should actually be drawn is far flatter than that in Figure 1. However, 
to make the diagram easier to read, the ellipse is drawn with an elongated y-axis 
in this paper. (The segment AF  was also drawn longer than it actually is for the 
same reason.) 

Incidentally, the author has previously derived the following relation in ref. 
[21]. 

 
( )
( )

1 22 2
e

1 22 2 e

.n n

nn

n nr m m
m mr n n

α

α

−

+

+ − −
= =

++ +
                 (38) 

However, when considered using an ellipse, Equation (38) can be expanded as 
follows (Figure 2). 

( )
( )

( )
( )

1 22 2 2
e

1 2 22 2
e

AF 1 .
1AF

nn

n n

n n m m cra f
a f r m m cn n

αε
ε α

−

+

+ − −− −
= = = = =

+ +′ ++ +
      (39) 

Also, the following relation can be obtained from Figure 1. 

( ) 1 22

2 2
e

2FF .
AA

n n n n n n

n n n n

r r r r r m n
mr r r r n

ε
α

+ − − + −

+ − + −

+ −  ′ −
= = = = =  ′ + + + 

       (40) 

In Equation (39), nr
+  was taken to correspond to the line segment AF′ , and 

nr
−  was taken to correspond to the line segment AF . Also, if 2

em c  is taken to 
correspond to the line segment OA , based on Equation (40), then 2

e2m c  cor-
responds to line segment AA′ . At this time, ( ) 2

e nm m c−  corresponds to line 
segment AF , and ( ) 2

e nm m c+  corresponds to the line segment AF′ . 
However, this does not mean that line segment length expresses the absolute 

value of a physical quantity, so caution is necessary. Also the orbital radii nr
+  

and nr
−  at different energy levels are apparent in the ellipse in Figure 2. This 

shows that this ellipse is not an illustration of the orbital of a single electron. The 
discussion thus far is summarized in the following table (Table 1). 
here, er  is the classical electron radius, defined as follows. 

2

e 2
0 e

.
4

er
m cεπ

=                        (41) 
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Figure 2. Caution is necessary because the lengths 
of the line segments in this diagram do not give the 
absolute value of physical quantities. 

 
Table 1. Electron energy corresponding to each line segment and orbital radius. There 
are differences between energy *1 and *2, and energy *3 and *4. These energy differences 
are discussed in section 4. 

Line Segment AF  AO  AF′  

Orbital Radius  
Corresponding to Line Segment nr

−  e

2
r

 nr
+  

Relativistic Energy of Electron 2
nm c−  0 *3 2

nm c  *1 

Indication using n and α  ( )1 22 2n nα+ −  ( )1 22 2n α+  ( )1 22 2n nα+ +  

Energy Corresponding to  
Line Segment 

( ) 2
e nm m c−  2

em c  *4 ( ) 2
e nm m c+  *2 

 
Incidentally, when the electron’s relativistic energy 2

nm c  becomes zero, then 
the value of re,nE  in Equation (19) is 

2 2
re,0 e , 0.nE m c m c= −    =                      (42) 

Also, the following formula can be derived from the relationship between hy-
drogen atom energy levels and potential energy. 

( )
22

2e e e
re, e

0

21 1 1 1 .
2 2 4 2n n

n n n

r m c reE V r m c
r r rε

 
= = − = − = −  

 π
     (43) 

here, if Equation (42) and Equation (43) are compared, the radius 0r  when 
0n = , is 

e
0 .

2
r

r =                           (44) 

Incidentally, the electron does not have a definite orbital in quantum me-
chanics. The author has previously predicted in ref. [6] that the radius of the 
atomic nucleus of the hydrogen atom (proton) is e 4r . However, this is not a 
claim that the atomic nucleus is completely spherical. The meaning is that statis-
tically the atomic nucleus can be regarded as a sphere with radius e 4r . In the 
same way, this paper does not assert that an electron with energy ab,nE+  revolves 
in an elliptical orbital with semi-major radius nr

+ . (In quantum mechanics, the 
Bohr radius Ba  of the hydrogen atom signifies the radius where the probability 
of finding the electron is maximal.) 
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4. Discussion 

1) In Figure 2 and Table 1, the relativistic energy corresponding to n is 
2

nm c  (*1). The orbital radius nr
+  of an electron with this energy becomes 

( )1 22 2n nα+ +  when indicated in terms of n and α . However, the energy cor-
responding to this is ( ) 2

e nm m c+  (*2). 
There are two types of electron energy in a certain state. How should we think 

about this? First of all, the following two points are correct. 
a) The relativistic energy of an electron with orbital radius of nr

+  is 2
nm c  

(*1). 
b) The energy of an electron with orbital radius of nr

+  is ( ) 2
e nm m c+  (*2). 

We must elucidate the true nature of the energy ( ) 2
e nm m c+ . The author has 

previously assumed in ref. [6] that an electron in a state with 0n =  has photon 
energy and negative energy. Let’s use that as a hint. 

Now, taking Figure 2 and the existence of negative energy into account, Table 
1 can be expanded as follows (Table 2). 

Here, if the photon energy possessed by an electron is expressed as ph,nE , then 
the relativistic energy of the electron ab,nE  defined in Equation (26) can be 
written as follows.  

2
ab, ph, e .n nE E m c= −                        (45) 

According to this model, 2
nm c  (*1) is the relativistic energy of the electron, 

and ( ) 2
e nm m c+  (*2) is the photon energy possessed by the electron.  

Incidentally, the relativistic energy of an electron ab,nE  is thought to be what 
determines the electron’s orbital radius. However, in Equation (45), the inter-
pretation is also possible that it is ph,nE  which determined the orbital radius of 
the electron. 

Now, in the state where ab 0E = , the photon energy possessed by the electron 
and the negative energy 2

em c−  cancel each other out (the relationship of *3, *4, 
and *5 in Table 2). If this model is used, an electron with ab 0E =  can emit ad-
ditional photons, and transition to negative energy levels. 

 
Table 2. Relationship of the relativistic energy of an electron, and the photon energy 
possessed by that electron. The relativistic energy of an electron is defined as the sum of 
the photon energy possessed by that electron, and the negative energy specific to it. 

Line Segment ― AF, a f−  AO a,  AF a f′, +  ― 

Eccentricity Indication ― ( )1 aε−  a ( )1 aε+  ― 

Orbital Radius e

4
r

 nr
−  e

2
r

 nr
+  ∞  

Indication using n and α  ― ( )1 22 2n nα+ −  ( )1 22 2n α+  ( )1 22 2n nα+ +  ― 

Relativistic Energy of  
Electron ab,nE , 2

ph, enE m c−  
2

em c−  2
nm c−  0 *3 2

nm c  *1 2
em c  *6 

Photon Energy ph,nE  0 ( ) 2
e nm m c−  2

em c  *4 ( ) 2
e nm m c+  *2 2

e2m c  *7 

Negative Energy 2
em c−  2

em c−  2
em c−  2

em c−  *5 2
em c−  2

em c−  *8 

https://doi.org/10.4236/jmp.2020.115046


K. Suto 
 

 

DOI: 10.4236/jmp.2020.115046 721 Journal of Modern Physics 
 

Also, according to the STR, an electron has a rest mass energy of 2
em c . 

However, in this paper, it is thought that an electron at rest has photonic energy 
2

e2m c  and negative energy 2
em c−  (the relationship of *6, *7, and *8 in Table 

2). If symmetry is taken into account, it is likely valid to think that the true na-
ture of this negative energy is a photon with negative mass. (However, that does 
not mean that in this paper it was possible to determine the amount of negative 
energy to be 2

em c− .) 
2) The author has previously derived the following formulas in ref. [21]. 

( )
( )

1 22 2
e

1 22 2
.

2n

nr
r

n n

α

α
+

+
=

+ −
                     (46) 

( )
( )

1 22 2
e

1 22 2
.

2n

nr
r

n n

α

α
−

+
=

+ +
                     (47) 

Equation (46) and Equation (47) can be written as follows. 

( )
e

1 22 2
1 .

2n
r nr

n nα
+

 
 = +
 + −  

                   (48) 

( )
e

1 22 2
1 .

2n
r nr

n nα
−

 
 = −
 + +  

                   (49) 

Also, the following equation holds if Equation (39) is taken into account. 

e e e

e e

1 .
2 2

n
n

n n

r m r m
r

m m m m
+  

= ⋅ = + − − 
                (50) 

-e e e e
e

e e

1 .
2 2 4

n
n

n n

r m r m r
r r

m m m m
−  

= ⋅ = − ,   < + + 
           (51) 

In addition, if the eccentricity of the ellipse is used,  

( )
e e

1 22 2
1 1 .

2 2 1
n

n
n

r rnr
n n

ε
εα

+
    = + = +   − + −  

           (52) 

( )
e e

1 22 2
1 1 .

2 2 1
n

n
n

r rnr
n n

ε
εα

−
    = − = −   + + +  

           (53) 

here, if Equation (48) and Equation (49), and Equation (50) and Equation (51) 
are respectively combined into single formulas, the results are as follows. 

( )
e

1 22 2
1 .

2n
r nr

n nα
±

 
 = ±
 +  

                 (54) 

e

e

1 .
2

n
n

n

r m
r

m m
±  

= ± 
 

                    (55) 
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The orbital radius of an electron is defined as the distance from the center of 
the atomic nucleus to the electron. However, according to Equation (54) and 
Equation (55), the sizes of nr

+  and nr
−  are determined taking e 2r r=  as a 

starting point. 
This is a discovery that has not been previously stated. nr

−  approaches the 
atomic nucleus (radius e 4r ) as n increases. In quantum mechanics, lower 
energy is regarded as more stable, but that is incorrect. Actually, the closer the 
relativistic energy of an electron is to zero, the greater the stability. Therefore, 
electrons with negative energy are never easily incorporated into the atomic 
nucleus.  

Next, let us investigate the relationship between nr
+  and the Bohr radius of 

the hydrogen atom. The Bohr radius is given by the following formula.  
2

2 2 2 2e
B 1 0 2 2

e

4 .
r

a n r n n n
m e

ε
α

= ⋅ ⋅ = ⋅π=


               (56) 

Next, Equation (46) is rewritten as follows. 

( )
( )

( )
( )

1 2 1 22 2 2 2
e

1 2 1 22 2 2 22n

n n nr
r

n n n n

α α

α α
+

+ + +
= ⋅ ⋅

+ − + +
             (57a) 

( )1 22 2 2 2 2
e

2

1
.

2

n n nr α α

α

+ + +
= ⋅                  (57b) 

when the part of the numerator in Equation (56b) that is in parentheses is de-
veloped as a Taylor expansion, 

1 22 2 4 6

2 2 4 61 1 .
2 8 16n n n n

α α α α 
+ ≈ + − + 

 
                 (58) 

If this is substituted into Equation (57b), 
2

2 2 2e e e
B2 2 2

3 .
2 2 8n

r r r
r n n a n

n
α

α α
+  

= ⋅ + − ≈ ⋅ = 
 

             (59) 

From this, it is evident that the Bohr radius is an approximate value for Equa-
tion (46). 

5. Conclusions 

1) In this paper, the mathematically derived Equation (15) was also derived 
from a discussion using an ellipse. This paper was also able to theoretically pre-
dict the existence of latent negative energy possessed by the electron. The rela-
tionship is unclear between this negative energy, and the negative energy (dark 
energy) whose true nature is unknown, and which is currently thought to exist 
in large quantities in the universe. Further research will be needed in the future 
to elucidate that point. 

2) The author has believed that the orbital radius of an electron forming a hy-
drogen atom is determined by the electron’s relativistic energy ab,nE . Even this is 
definitely not a mistake. However, this paper has shown more accurately that 
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what determines the orbital radius of the electron is the photon energy ph,nE  
possessed by the electron. 

Also, the orbital radius of the electron is given as the distance from the center 
of the atomic nucleus (proton) to the electron. However, this paper has shown 
that the size of the electron orbital will be determined taking e 2r r=  as the 
starting point. 
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